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Abstract We report experiments concerning the
deposition of a droplet on a solid surface and the
related spontaneous spreading, during which a sec-
ondary droplet is ejected. Experimental investigations
and theoretical considerations have been performed in
order to understand the reasons of the formation of
this droplet and of its ejection and to estimate the
conditions that induce these phenomena. High-speed
imaging and specific deposition conditions have been
necessary to visualize such phenomena. It has been
shown that the ejection is possible in the complete
wetting regime when low impact inertia and high
position of the center of mass of the drop before
spreading are achieved simultaneously. A model taking
into account non-stationarity, inertia, wetting capillar-
ity and viscous effects has been developed. It resulted
in two dimensionless numbers IT; and I, that charac-
terize the occurrence of the ejection phenomenon.

Introduction

Drop deposition or impact on solid surfaces is fre-
quently used in industrial processes. It is therefore of
interest to control the quality and the outcome of the
deposition or of the impact process [1]. On solid flat
surfaces, the former has been widely explored in order
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to understand the dynamics of spontaneous wetting
[2-5]. This low inertial process is particularly suitable
for exploring wetting phenomena when the impact
velocity is kept small [S]. The key experimental
parameters that control the spreading are the impact
velocity (V), the drop size (D), the liquid physical
properties such as the surface tension (o) and the
dynamic viscosity (u), and the characterization of the
solid surface in terms of topography and chemistry [6,
7]. Schiaffino and Sonin [5] showed that the relevant
parameters to characterize drop impact and spreading
in dimensionless form are the Weber (We=p DV?/0)
and Ohnesorge (Oh = u/\/pDa) numbers, where p is
the liquid density. We, which is the ratio between
capillary and impact pressure forces, scales the driving
force of the process. Oh, which is the ratio between the
intrinsic time for inertial oscillations and the one for
their decay by viscous diffusion, scales the resistive
effects.

While most experiments are performed with average
speed cameras (i.e. 50 or 60 frames per second), only
high-speed imaging can provide information about the
initial stage of spreading in the case of either sponta-
neous spreading or of the impact of a droplet on liquid
or solid surfaces [8-11].

At the moment of contact between the liquid drop
and the solid surface, the wetting is due to the unbal-
anced Young force [12] and the system can be under-
stood as a dissipative mechanical system [2]. If low
viscosity liquids are used, inertia and surface tension
phenomena become dominant [5, 13]. In experiments
of deposition of liquid drops on a liquid bath, Thor-
rodsen and Takehara [8] showed that a droplet ejection
cascade can occur. Very recently, Roux and Cooper-
White investigated the dynamics of water drop
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spreading on a glass surface [14]. In particular, they
showed that the deposition of a water drop on glass can
result in the ejection of a secondary droplet.

In the present study, carried out simultaneously with
Roux and Cooper-White’s work, we also investigated
this phenomenon but we extend and adequately sup-
port some of the results presented in [14], by consid-
ering the deposition of various liquids on completely
wettable substrates. More specifically, we propose to
investigate and explain the formation of such droplets
and their ejection in terms of a non-stationary wetting
process and the shape of the drop for various liquids. In
order to generalize and predict possible ejection,
dimensional analysis is investigated in terms of We and
Oh. Predictions based on this analysis are not satis-
factory enough. A simple geometrical model of the
phenomena is presented hereafter to improve the
predictability of the ejection of a secondary droplet.

Geometrical model

Before explaining the spreading of the drop on the solid
surface, let us briefly consider its behavior during its
fall. In particular, one has to keep in mind that the drop
is generally oscillating after its detachment from the
needle. As the height of fall is very low, in order to keep
inertia as small as possible, the drop is still oscillating
when it touches the solid surface and its shape is non-
spherical. It is therefore possible to characterize it by
two diameters Dy and D+, respectively measured along
the horizontal and vertical directions.

To establish the basic equations of our model
(Fig. 1A), let us consider a typical image of a drop
spreading on the solid surface (Fig. 1B). The drop is, at a
first approximation, made of two parts with distinctive
time behaviors: a shrinking reservoir and an expanding
cone. The former is moving downward by its inertia. Its
mechanical energy determines its impact velocity. The
expansion of the cone is driven by inertial capillarity at a
spreading speed, denoted by V. As V,>> Vin the first
stages of the phenomenon, the global motion of the drop
is dominated by the spreading of the cone. Figure 1C
presents a possible scheme of the velocity field inside the
drop. Due to the conservation of the total volume of the
drop, the larger the expansion of the cone, the larger the
shrinkage of the sphere. It is reasonable to consider that
the liquid molecules which form the upper part of the
drop do not interact with the solid surface, so that the
sphere is not perturbed yet by the presence of the sub-
strate and continues its motion downward by inertia.

Figure 1D represents a schematic time sequence of
the falling and spreading drop. Let us define the origin

of the time by the moment at which the droplet touches
the solid surface and t,,,,, the characteristic moment at
which the totality of the liquid of the initial drop would
be up taken by the cone (in case of no ejection). At this
time, the volume of the shrinking sphere is zero. To
estimate f,,x, let us now consider the time dependence
of the spreading radius, as given by the model of
Biance et al. [13] which is valid for the “‘early” stages
of the spreading of low viscosity liquids:

oD 1/41
r (2/)) t (1)

Using the hydrodynamic Hoffman-Tanner—Voinov
law’s [15-17], it is possible to relate the dynamic con-
tact angle, 0, and the spreading velocity:

Vipr) "
0 o CirrvCa'® = Cyry (“ - ) 2)

where Cyry is an empirical constant close to 4.5 [18].
From geometrical arguments (Fig. 1A) and using the
small contact angles approximation, it is possible to
calculate 6 and H the apex of the expanding cone:

H = rtan(6) = ro 3)

In this way, we can approximate H, from Eq. 3, by
replacing r and 0 by their expression from Egs. 1 and 2
and using V,,=dr/dt. This yields:

1/3
uD 1/3
= —_— t 4
H CHTV<4p> (4)

Let us now calculate the position of the bottom of
the shrinking reservoir as a function of time, consid-
ering that this droplet is following its path due to
inertia. Assuming that at =0 its center of mass is at
height Hg from the solid surface, we have:

h:HG_Vt_rs (5)

where rg is the radius of the reservoir. As previously
defined, f,,,, is the intrinsic time which characterizes
the time necessary to transfer the initial volume of
the liquid contained in the drop (o) in a spontane-
ously expanding cone of volume Q. It can be
evaluated as follows. By the conservation of volume
(Q21=9Q), we obtain for t=t,x an equation combining
the time dependent quantities H,r and the initial drop
diameter D.

F(tmax)*H (tmax) = D /2 (6)

@ Springer



5070

J Mater Sci (2006) 41:5068-5080

Fig. 1 Drop during its first
spreading stages (a)
Schematic diagram presenting
the two parts of the
geometrical model (b)
Example of drop shape
(water droplet, diameter:
2.45 mm, impact speed:

0.093 m/s). Dashed lines:
basic elements of the model
(¢) Possible scheme of the
flow field. In the region of the
contact line the velocity is
high while in the reservoir

\4
spr

region the velocity is uniform
and low. (d) Time sequence
for the falling droplet. Events
(a: “ejection”) and (b: “no
ejection”)

Substrate

(b)

Falling droplet

Replacing ¢ by t,.x in the Egs. 1 and 4 and substi-
tuting their values in Eq. 6 yields a simple expression
for the characteristic time

DBpS 1/8
Imax = [W}

()

If the ejection occurs, it will happen at t <f,,x. For ¢
in the range 0 < (< ., the occurrence of the ‘ejection’
event is related to the sign of I(¢), the difference
between H and & (Fig. 1A). Due to the time depen-
dence of the radius of the shrinking sphere r;, one
obtains a cubic equation in r with rather complicated
coefficients. It is beyond the scope of the article to
discuss this result in detail but the link between /(f) and
max 18 schematically described in Fig. 1D. More simple
is the expression of [.y, the value of I(r) at t=tyax,
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t max

Shrinking sphere and

Expanding cone Expanding cone only

because r, vanishes at that time. Combining Egs. 4, 5
and 7, we explicitly obtain

2p711/8 pD13,51Y8
Inax = Cerrv {“ ] —H+V {fg} (8)
po ueo*
In a dimensionless form, this equation reads
/
Ir;ax = CurvIl; —1+11, 9)
G

where we have defined two dimensionless numbers IT;
and I1, as

D
— On'’*
Hg

I

7 /12D7 1/8
B paHgG
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I, = VLzang

Due to the multiple approximations of this
geometrical model, Eq. 9 does not directly help in the
prediction of the ejection of the secondary droplet.
Nevertheless, it provides a new representation plane
I1,-T1, expected to be more efficient than the We-Oh
representation because it takes into account more
specifically the physical characteristics of the addressed
problem of deposition of a drop in a complete wetting
regime.

As it will be shown hereafter, a confrontation of the
results of this simple model with the experimental ones
will confirm that IT; and I, are better suited to char-
acterize the problem than simply Ok and We, espe-
cially if we use Dy, the diameter of the drop along its
vertical axis, instead of D in the Eqs 10 and 11. This
can be explained by the lack in modeling the oscilla-
tions of the droplet.

Experimental procedure
Chemicals and substrate preparation

Unless otherwise stated, all the chemicals and reagents
were analytical grade and purchased from Sigma-Al-
drich. They were used as received without further
purification. MilliQ water, methanol, ethanol, isopro-
panol, acetone and a water—glycerol mixture were used
for their low viscosity. The physical characteristics of
the liquids are reported in Table 1.

The solid surfaces were smooth microscope glass
slides (Menzel-Glidser) cleaned in an argon plasma
cleaner (Harricks, 30 W at 8 MHz RF) for 5 min. Their
root-mean-square roughness, determined by optical
profilometry (Wyko NT1100, Veeco Instruments) was
46 A. The chosen liquids completely wet the sub-
strates, within a few tens of second. It is worth noting
that the whole ejection event lasts a few tens of milli-
seconds at maximum, i.e. 10> times faster.

Spreading experiments

The liquid drops are formed at the tips of needles of
various diameters. Once formed, the droplets detach
themselves from the needle and fall by their own
weight from different adjustable heights. They exhibit
oscillations due to the detachment from the needle and
usually have of a non-spherical shape with an aspect
ratio, defined by Dv/Dy in the range from 0.6 to 1.095.
The path of the drop before touching the solid sur-
face is so small that a non-negligible amount of oscil-
lation is still present at the moment of solid-liquid
contact. The range of physical parameters (drop
diameter, impact speed, ...) as well as the dimensionless
numbers We and Oh are presented in Table 2. A
C-MOS camera (VossKiihler GmbH) was used. Most
sequences were performed at 923 images per second
with an image resolution of 512x1024 pixels. In a few
cases, it was necessary to increase the frame rate to
1846 images per second. A Navitar 6000 objective was
used to give a suitable magnification of the image,
typically, 14.4 um/pixel. The impact speed was experi-
mentally varied by changing the height of fall of the
drop. To determine this parameter, the height of the
center of mass of the drop relative to the solid surface
was calculated by mean of image analysis assuming
axial symmetry of the drop. This was performed for the
image before (Hg) contact between solid and liquid
and the one before this one. The difference between
these two heights divided by the time step of the
camera gives an estimation of the impact velocity, V.

Results and discussion

Figure 2 shows three examples of the spontaneous
spreading of a liquid droplet on a dry glass surface. The
images sequences (a) and (c) shows the ejection of a
secondary droplet while the phenomenon is not
observed in the sequence (b). Before the drop makes
contact with the solid surface, it is spherical (aspect
ratio ~1; see Fig. 2-al, bl and cl). As the liquid
approaches the solid surface, a deformation of the

:fa lt,lllz }iqllpl}igs&(c;l :})rijpf g)]:eS Liquid p (kg/dm?®) o (mN/m) u (mPa s)

density (p), surface tension Water 0.996 7.8 0.89

(9) and dynamic viscosity (£)  pfethanol 0.791 227 0.54
Ethanol 0.789 221 1.07
Isopropanol 0.783 20.9 2
Acetone 0.786 23.5 0.3
Glycerol/water mixture (25% v/v) 1.061 70.0 217
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Table 2 Range of physical parameters of the impact (Min—Max): drop diameter (D), impact speed (V), height of the center of mass at
the contact moment (Hg), Weber number (We) and Ohnesorge number (Oh)

Liquid D (mm) V (m/s) Hg (mm) We Oh
Water Min 0.079 0.021 0.04 0.01 0.0016
Max 5.29 0.403 2.59 3.89 0.0132
Methanol Min 1.53 0.055 0.47 0.18 0.0029
Max 2.28 0.096 0.97 0.53 0.0036
Ethanol Min 1.27 —-0.048 0.42 0.02 0.0061
Max 2.19 0.092 1.12 0.67 0.0080
Isopropanol Min 1.58 0.043 0.53 0.11 0.0106
Max 2.27 0.096 0.95 0.74 0.0127
Acetone Min 0.71 0.036 0.34 0.07 0.0014
Max 2.71 0.144 1.41 1.29 0.0027
Glycerol/water (25% v/v) Min 2.55 0.041 0.97 0.07 0.0049
Max 2.62 0.072 1.27 0.20 0.0050
Global range Min 0.079 -0.048 0.039 0.011 0.0014
Max 5.29 0.40 2.59 3.89 0.013

droplet shape appears. Before the effective contact
between the liquid and the solid, the aspect ratio can
decrease to 0.6 (see Fig. 2-a3). The drop seems to lie
on the substrate like a balloon of water, i.e. without
spreading. In some sequences, it is possible to see the
drop bouncing on the surface while oscillating. At this
time apparent contact is only a visual artifact; in fact a
film of air exists between the drop and the solid and
there is no real contact (Fig. 2 al-3) [19]. The most
logical explanation is that the drop is bouncing on an
air cushion that is trapped between the liquid and the
solid. While approaching the wall, the drainage of the
air between the drop and the solid surface induces a
deformation of the free surface and a flattening of the
drop [19-21]. This is consistent with the fact that the
substrate has a particularly low root-mean-square
roughness. When the drop approaches the solid, the
liquid at its bottom tends to spread as fast (the systems
are complete wetting systems) as the physics of wetting
drives it [22], while the liquid in the upper part of the
drop tends to remain in the same place due to inertia.
The competition between these two contradictory
behaviors and the capillary effects leads to the break-
up of the drop and more specifically to the ejection of a
secondary droplet. This also explains in a simple way
the quasi-stationary value of the contact angle, fol-
lowed by its sudden decrease reported in [14, Fig. 17].
The dynamics of the contact line will be investigated in
a forthcoming article.

The study of the drainage of the air cushion is
beyond the scope of the present article. Nevertheless, a
rough estimation of the time for the drainage [21]
yields a time scale of the order of 1 to several milli-
seconds, i.e. a drainage speed compatible with the
acquisition speed of our imaging system. Typically the

@ Springer

apparent contact angle decreases from the initial very
high values (around 180 degrees) which are difficult to
measure, to less than 90 or even 70 degrees, which is
easily measurable, in only one frame. We thus assume
that the real contact between solid and liquid mole-
cules occurs between those two consecutive images.
The time scales presented in Fig. 2 are calculated from
the beginning of the spreading based on such an
assumption. Thus we assign the time of the first image
where spreading is noticed to half of the acquisition
time step of the camera. In these particular cases, the
first images where spreading is noticeable are shown on
images (a3) i.e. t =0.5 ms or (c2) i.e. £ =0.3 ms. As
experiments are recorded at least at 923 images per
second, the maximum time lapse between two con-
secutive images is 1.083 ms. The error bar on the time
is therefore about 0.5 ms.

In fact, because the investigated systems consist of
liquids of low viscosity and solids of high surface
energy the spontaneous spreading is very fast. The
spreading force and the spreading velocity are there-
fore high (in several cases above 1.5 m/s), particularly
at the beginning of the process.

Roux and Cooper-White [14] showed that for low
impact velocities on glass, water drops can exhibit
ejection of a secondary droplet. They indicated that the
impact velocity is the key parameter for the occurrence
of this phenomenon. They also mentioned Reynolds
(Re=p DVy/u) and Weber (We=p DV?%/c) numbers
where they extrapolated the impact velocity V, from
the height of fall.

As the droplets imaged in the series (b) and (c) of
Fig. 2 have the same impact velocity and almost the
same drop diameter (i.e. very similar Re and We val-
ues), it becomes evident that neither the sole impact
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Fig. 2 Deposition process of drops on a clean smooth hydro-
philic glass surface with ejection and no-ejection. (a) water drop
of D =3.56 mm impacting at 0.032 m/s; (b) and (c) acetone
drops of respectively D =2.31 mm and D =241 mm both
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impacting at 0.1 m/s. Times (in ms, for each sequence from 1
to 10) are (a): —10.5, 5.5, -1.5,0.5,1.5,4.5,6.5, 8.5, 9.5, 16.5; (b):
-2.4,-0.8,0.8,1.9,3,4.6,6.2,7.8,12.2,33.3; (¢): -0.3,0.3, 1.9, 4.1,
5.1,638,78, 10, 11.1, 11.6
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velocity nor Re and We cannot be the only key
parameters to determine whether the ejection will oc-
cur or not. Clearly a more general investigation and
complementary tests are necessary to determine the
condition of ejection.

The drop size is approximated by D=(D{Dv)"".
A more precise calculation based of the exact shape of
the drop (taken from image analysis and supposing an
axisymmetric drop) for several cases shows a mean
discrepancy of less than 5% with this approximation.
The height of the centre of mass, Hg, before spreading
has a mean value of approximately 100 pixels,
depending on the magnification and on the drop size.
This allows an estimation of the relative precision of
this parameter to be 1% (Table 2).

We present in Fig. 3 the occurrence of the ‘‘ejec-
tion” and ‘no-ejection” events, for water. The
parameters used in this figure are only geometrical and
no liquid property is involved. Figure 3 shows that
depending on the impact conditions (V, D and Hg), a
distinction can be made between both types of events.
The same result has been found for each liquid used
except isopropanol for which we couldn’t find appro-
priate experimental conditions for ejection. The sepa-
rating line in terms of Hg versus DV is found to be
different (for both the slope and the Y intercept) for
each liquid. No warrantee on the uniqueness of this
distinction exists on the sole basis of the data analysis.
Thus it is necessary to include dimensional and physi-
cal analysis in order to generalize these results and be
able to predict the ejection in the widest range of
experimental conditions.

Our results show break-up of low viscosity liquids
drops due primarily to wetting phenomena, but several
other physical phenomena are acting: viscous dissipa-
tion, surface tension forces, inertia and gravity. It
seems clear that when viscous dissipation is too high no
break-up is possible, and motion of the liquid in all
regions of the drop is too slow.

We suggest that the ejection is due to the opposite
motion of the bottom of the drop that tends to spread
outwards due to the strong wetting and the top of the
drop that tends to “‘stay” in its elevated high position
above the solid surface because of its inertia (see
Fig. 1A). The spreading velocity is much higher than
the velocity of the top of the drop which is moving
down at a rate due primarily to inertia. It seems clear
that increasing impact velocity will drive the liquid in
the quasi-spherical reservoir of the top of the drop
further down by inertia. Thus, the higher the impact
speed, the less likely we are to observe ejection (see
Fig. 3). In other words low momentum of impact of the
drop compared to the characteristic speed of wetting is
likely to help the break-up.

In the same vein, we recall that at the start of
spreading the drop exhibits a non-spherical shape.
Thus the higher the position of the centre of mass the
more favorable the conditions for droplet ejection.

In Fig. 2, we can notice a capillary wave that is
travelling from the contact line upward [14]. The
characteristic velocity, V., of propagation of this cap-
illary wave is of [22, eq. 5.55 pp122]: V.=(2na/p D)">.
Typically, for water drops of 3.5 mm of diameter, this
velocity is of the order of 0.36 m/s. Since the speed of

Fig. 3 The height of the
centre of mass (Hg) for the 25
water cases studied as a )
function of the parameter i
VD. Ejection cases are
represented by open symbols 2.0
and the no ejection cases with )
full symbols. An empirical i
limit is presented as a line to
guide the eyes _ i
€ 15
E
® ]
I
1.0
0.5
] —
-0.2 0.0
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spreading (typically 1 m/s or higher) is faster, the
propagating contact line acts as a sink. The unbalanced
Young force is pulling the liquid outward radially from
the contact line. The liquid in the upper part of the
shrinking droplet tends to remain there or to move
only slowly with its initial velocity. Since the reservoir
isn’t receiving the capillary wave while the contact line
is still pulling the liquid, a narrow region is necessarily
produced (the neck in Fig. 1).

If we consider the experimental data in the We-Oh
plane [5] we are able in a way to take into account the
relative characteristic times (through O#h). Figure 4
shows this representation. It is noticeable that
increasing both We and/or Oh lowers the probability to
get the ejection. Beyond this trend, it appears that the
data clouds represented each type of event are strongly
overlapping. The aspect ratio Dy/Dy, has an unam-
biguous effect (Fig. 2) but cannot directly be taken into
account in this representation. One has to use hori-
zontal and vertical diameters to put in evidence the
possible effect of this parameter. This can be per-
formed (using Dy and/or Dv instead of D in the
dimensionless numbers, for example) and has been
tried without real success despite the questionable
arguments to justify this.

Let us now try to find a representation of the
physical phenomenon, based on the simple geometrical
model described in section 2 and let us represent the
experimental data in the plane I, versus IT;(Fig. 5).
The improvement of the data separation brought by
the new representation is not obvious. Additional cri-
terions are requested to bring evidence that the T1,—IT;
plane gives better results than the We-Oh plane.
Intuitively, the latter takes into account only simple

dimensional analysis considerations (Fig. 4) while the
aspect ratio of the drop is intrinsically taken into
account via Hg and Dy in the I1,-I1; representation of
the experimental data. Probably due to the experi-
mental limitations (we have access to the images of the
drop every millisecond), the possible errors in analysis
and the simplification of the model can explain the
overlap between the ‘ejection’ and the ‘non-ejection’
zones.

To overcome the drawbacks of the visual compari-
son between the representations of the data, it seems to
us interesting to find a criterion leading to an optimal
separation of the two sets of data points (‘“Ejection”
and “No Ejection”). This problem is quite similar to
optimization problems considered in automatic classi-
fication, when it is required to determine the position
of an optimal frontier of decision without knowledge of
the functional expression of the latter. One of the
statistical learning techniques used to solve this kind of
problems is the Support Vector Machines (SVM)
technique, introduced by Vapnik in 1992 [23]. Detailed
information about this technique will be found in [24,
25] and in the references therein. It is far beyond the
scope of this article to present the mathematical details
of the technique. Only a brief overview of the tech-
nique is given in Appendix A. In this paragraph, the
focus has been made on the results of the classification
that validated the new dimensionless parameters
I1; — I,. As seen on Figs. 4 and 5, our data points are
not necessarily linearly separable in the input space
(here the 2-D spaces of log(We)—log(Oh) or I1; -I1,).
We compared the effect of two different kernels (the
linear and the radial ones) on the classification of the
events for both types of representation of the data, i.e.

Fig. 4 Ejection (open 1 T
triangles) and of non-ejection
(filled triangles) events in the
We-Oh plane. The plain and osk
the dashed lines represent the
optimum decision frontiers
between both types of events,
calculated using the linear
and the radial kernels
respectively. In the linear
case, the optimum frontier of
decision is given by
log(We)=—4.812—-1.746log (Oh)

-05 |

Log (We)

26 -24 -2.2 -2 -1.8
Log (Oh)
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Fig. 5 Same as Fig. 4 but 098 T
with a representation of the
events in the IT;-II, plane.
The optimum frontier is
I1,=0.656—0.028I1, (linear
kernel). A better separation
of the data is obtained in this
case (see Table 3)

m

log(We)—log(Oh) or TI;-II,. We used the el071
module [26] of the R statistical package [27] to perform
the classification. It should be noted that the classifi-
cation directly depends on the representation of the
data: the We—Oh and the log(We)—log(Oh) are there-
fore not equivalent to each other. The optimum deci-
sion frontiers are represented by the plain and the
dashed lines in Figs. 4 and 5, for the linear and radial
kernels, respectively. Once the frontier has been opti-
mized, the theoretical classification of the events can
be compared to the experimental one. The efficiency of
the classification can simply be evaluated by the
number of incorrectly classified data (Table 3). This
number is directly obtained from the sum of the off-
diagonal elements of the contingency table between
the experimental and theoretical classification data.
The classification of the 132 experimental data
appears to be more efficient in the I -I1, plane than in
the log(We)—-log(Oh) plane, whatever the type of
kernel: the number of incorrectly classified data is less
in the former case than in the latter. Changing the type
of the kernel function from linear to radial only
improves the classification in the log(We)—log(Oh)

Table 3 Number of incorrectly classified data. The classification
of the 132 experimental data in the IT;—II, plane gives better
results than in the log (We)-log (Oh) plane

Kernel Representation of the experimental data
(n=132)
I1;-I1, log(We)—-log (Oh)
Radial 23 (17.4%) 31 (23.5%)
Linear 23 (17.4%) 33 (25.0%)

Changing the type of the kernel function from linear to radial
only improves the classification in the log(We) —log(Oh) plane
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plane. For the linear kernel, an explicit equation of the
optimum separation line can be obtained. In the I1;—I1,
representation of the data, the optimum frontier is
I1,=0.656—0.028I1, whereas in the log(We)-log(Oh)
plane, the optimum frontier of decision is given by
log(We)=—4.812-1.746 log(Oh). It should be noted
that in the case of the radial kernel, determining an
explicit equation for the optimal decision frontier is not
possible anymore because the transformation from the
input space to the features space is implicit and defined
only through the kernel (cfr Appendix A).

Conclusion

The phenomenon of satellite droplet ejection during
the deposition and spontaneous spreading of a drop
has been studied and measured experimentally in a
systematic way. Because of the high unsteadiness of the
phenomenon and its rapidity, high-speed imaging was
necessary. Several liquids were tested and showed the
generality of the phenomenon for complete wetting
systems and the right deposition conditions. These
conditions under which the ejection occurs were also
investigated in detail. High wetting, low viscous dissi-
pation, low impacting inertia and high position of the
centre of mass of the drop at the moment of contact
were necessary to induce the break-up phenomena. A
simplified model was developed and helped in under-
standing the phenomena. From the model, two char-
acteristic dimensionless numbers IT; and Il, were
calculated. The representation of the experimental
data in the II, versus I1; could relatively successfully
separate the events ‘“ejection” and ‘“‘non-ejection”.
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The validity of this representation is supported by the
results of SVMs calculations which minimize the
number of incorrectly classified data in the IT;—II,
representation. From this work, the results of Thor-
rodsen and Takehara [8] on liquid-liquid systems can
be understood in terms of high speed wetting phe-
nomena.
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Appendix A

The aim of this appendix is to briefly present the
Support Vector Machine (SVM) automatic classifica-
tion technique. It is based on the references [23-25].
Implementations of the technique in the statistical
software R [27] is derived from the work of Chang and
coworkers [26].

Definition of the classification task

The classification task can be defined as finding a rule
which, based on experimental observations, assigns an
event to one of the predefined classes. In the problem
we considered in this paper, the number of classes is 2
(“Ejection” and “No ejection”).

Solving the problem is equivalent to finding a
function £R"Y — {-1,+1)} using a set of training data
(X1, 91), o5 (%u,y0) € RY X Y, Y = {=1;41} (A1)
that will correctly classify unseen data (x,y), where x is
a vector containing the experimental observations. In
our case, x is defined in R% The vectors are denoted by
boldface symbols.

Margin and linear classifiers

Let us assume that the experimental data are separable
by a hyperplane (in our case, by a straight line). This
means that we choose classifiers whose equation is
given by

F(x) = (w,x) +b (A2)
where ( , ) denotes the inner product in R™. A linear
classifier is therefore defined by a vector w normal to
the hyperplane and by an offset b. As shown in
Fig. Al, it is obvious that for a set of separable data,
several valid hyperplanes can be used as classifiers but
only one can be considered as the optimum one.

Valid
classifier Optimum
classifier
Valid
7 classifier

Class 1

>
>

Fig. A1 Schematic representation of the classification prob-
lem—Valid (dashed lines) versus optimum (plain lines) linear
classifiers

This optimum separation plane can be defined by
maximizing the margin. This quantity is defined as the
minimum distance of any data point to the classifier
(hyperplane in the linear case). The margin can be
measured by the length of w as follows (Fig. A2a). As a
working hypothesis, we have assumed that the obser-
vations were (linearly) separable. w and b can be re-
scaled such that the points closest to the hyperplane
satisfy I{w,x;)+b |=1. If we consider two observations x;
and x, from different classes (‘“‘Ejection” or “No-
ejection” in our wetting problem), i.e.

(w.,x;)+b=1and (w,xp) +b=—1 (A3)
the margin is given by the distance between these two
points, measured perpendicular to the hyperplane, i.e.
2/|\w||, where ||w|| is the norm of w.

Non-linear classifiers

In some cases, a linear classifier is not suitable to
perform the classification of the data, even for sepa-
rable data sets. A non-linear mapping @ of the data is
used and the transformation @ has to be chosen in such
a way that the transformed data are linearly separable
in the destination space, named the “‘feature space’ F
(Fig. A3). ®:RY — F maps the data x on ®(x). The
dimension of F is usually higher than N. After the
transformation of the data, one works with

((D<X1)7y1)a"'a(q)(xn)vyn) EFxYY= {_1;+1}
(A4)

It should be noted that the classification is not
related to the dimensionality but to the complexity of
the classifier. A classical example of non-linear trans-
formation is the following:

@ Springer
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Fig. A2 Schematic
representation of the
optimum boundary between
classes ‘I’ and ‘II’ in (a) the
linearly separable case and
(b) the non separable case (&;
is the penalty given to the
incorrectly classified data
point)

(a)

A

<w,x>+b=+1

Ve =
Class 2 P <w,x>+b=0

7/
7 <w,x>+b=-1

Margin to be

maximized // O
20
/
/s /
/ /
Class 1
/7
Ve
/

<w,x>+b=+1

(b)
//

A Class 2 P <w,x>+b=0

7 <w,x>+b=-1

Class 1

»
|

O: R R (A3)
(x1,%2) — (21,22, 23) = (6%, V2x1x2, %3)

But the advantage of this non-linear transformation
stays in the fact that it has not to be explicitly defined.
One can easily show that (®(x), ®(x’))=(x,x’)>. This
means that the inner product in the feature space can
be reformulated in terms of a kernel function k(x,x’),
without the explicit definition of @®(x). In the last
example, k(x,x’)=(x,x’)>. Besides the simplest (i.e. lin-
ear) kernel which is applied to linearly separable data
sets, one of the most frequently used kernel is the ra-
dial basis function (RBF or radial) kernel defined by
k(x,y) = exp(—y|x — y|[*), where y is a positive

@ Springer

constant. Several other kernel functions exist (poly-
nomial, sigmoidal, inverse multiquadratic). Their exis-
tence condition is given by Mercer’s theorem [28].

Optimization and quadratic programming

Let us first recall that maximizing the margin is equiv-
alent to minimizing ||w||* under constraints. The con-
ditions for perfect classification are (linear classifier)

yillw,x;) +b) > 1,i=1,...,n (A6)

or for the non-linear classifiers,

yillw,®(x;)) +b) > 1,i=1,...,n (A7)
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Fig. A3 Schematic A
representation of the
classification problem (a) in O

the input space and (b) in the O O
feature space after a non- oo -

linear transformation @ of the I,"b O \\\
data L O @)
(| \\\Q O//,
O
O

. O
o
Ee
@ N
—— > ~. O
. O
= @ o
(b) O

Input space

As the access to the feature space is only possible via
the inner products computed by the kernel function,
the direct minimization of ||w||*with respect to w and b
is not possible. Nevertheless, one can get rid of this
drawback by transforming the primal optimization
problem in the dual one. Introducing the Lagrange
multipliers o; (i = 1,...,n) for the constraints (A7), one
gets the Lagrangian:

L(w,b,0) = % Iwl*= > aulyi((w, @(x;)) + b) — 1]

i=1n

(A8)

As explained in [25], the optimization task is to
minimize (A8) with respect to w, b and to maximize it
with respect to o;. Equating the partial derivatives of
L(w,b,a) with respect to b and w to zero yields

Z oy = 0 (A9a)
i=1ln
W= oyid(x;) (A9D)
i=1n
Replacing (A9) in (A8) and substituting

(D(x;), D(x;)) by its kernel expression k(x;,x;), one gets
the dual formulation of the optimization problem:

1
max Z o — 5 Z ociog,'yiyjk(xi,xj) (AlOa)
% iSin i—ln
subject to
0, >0i=1,...,n
(A10Db)

Z 0;y; =0

i=1l,n

Many of the optimized values of «; are zero and the
x; corresponding to the m non-zero o; are called

Feature space

support vectors (SV). After the optimization step, the
decision function can be calculated as

f(x) =sgn (Z vioik(x,X;) + b)

(Al1)

where the subscript m runs over all the support vectors.
Eq. All can be used to visualize the results of the
classification: for each of the x; (j = 1,... n), one calcu-
lates the output f(x;) and compares it with the observed
value y;. The number of incorrectly classified data
corresponds to the number of data for which the
product y;f(x;) = -1 and can be obtained from the
contingency table of the variables y; and f(x;).

More complicated is the classification of non sepa-
rable data sets. Typically due to the experimental
errors or to some limitations of the models used to
transform the data to be classified, an overlap between
the data clouds can occur. This is precisely the case in
our ejection problem. This means that the conditions
for perfect classification (Egs. A6 or A7) will not be
satisfied for all the (x,y;), i = 1, ...,n (Fig. A2b). If the
condition (A6) cannot be satisfied, the corresponding
o; will tend to infinity. To get rid of this, one introduces
the ‘soft-margin’ concept. The constraint is modified to

yi(<W,X,'>+b)Zl—fi,izl,...,n (A12)

with £20 and a penalty ) ¢&; is added to the objective
i=l,n

function to be minimized. The primal optimization

problem for non separable data is a modified version of

(A8):

min E Iwl?+C > @] (A13)

i=l,n

where C is the regularization constant which deter-
mines the trade-off between the empirical error and the
complexity term. The corresponding dual problem is

@ Springer
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1
max i;l %5 iﬁ;ﬂ ooy ik (xi, X;) (Alda)
subject to
Ogoci S C,i:17...,l’l
(A14b)

Z o;y; =0

i=1ln

The comparison between (Al14) and (A10) shows
that only the constraints on the Lagrange multipliers
have been modified: they now have an upper and a
lower limit.
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